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Abstract. We prove that the total curvature of any planar graph with
nonnegative combinatorial curvature is an integral multiple of 1
12
. As a
corollary, this answers a question proposed by T. Re´ti.
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1. Introduction
The combinatorial curvature for a graph embedded into a surface was
introduced by [Nev70, Sto76, Gro87, Ish90]. The idea is to properly embed
a graph into a piecewise flat surface and to use the generalized Gaussian
curvature of the surface to define the combinatorial curvature for the graph.
Many interesting geometric results have been obtained since then, see e.g.
[Z˙uk97, Woe98, Hig01, BP01, HJL02, LPZ02, HS03, SY04, RBK05, BP06,
DM07, CC08, Zha08, Che09, Kel10, KP11, Kel11, Oh17].
Let (V,E) be a (possibly infinite) locally finite, undirected simple graph
with the set of vertices V and the set of edges E, which is topologically
embedded into a surface S without boundary. We write G = (V,E, F ) for
the graph structure induced by the embedding where F is the set of faces,
i.e. connected components of the complement of the embedding image of the
graph (V,E) in S, and call it a semiplanar graph, see [HJL15] (It is called
planar if S is either the 2-sphere or the plane). We say that a semiplanar
graph G is a tessellation of S if the following hold, see e.g. [Kel11]:
(i) Every face is homeomorphic to a disk whose boundary consists of
finitely many edges of the graph.
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(ii) Every edge is contained in exactly two different faces.
(iii) For any two faces whose closures have non-empty intersection, the
intersection is either a vertex or an edge.
In this paper, we only consider tessellations of surfaces. For a semiplanar
graph G, the combinatorial curvature at the vertex is defined as
(1) Φ(x) = 1− deg(x)
2
+
∑
σ∈F :x∈σ
1
deg(σ)
, x ∈ V,
where the summation is taken over all faces σ whose closure σ contains x
and deg(·) denotes the degree of a vertex or a face, see Section 2. To digest
the definition, we endow the ambient space S with the metric structure:
Each edge is of length one, each face is isometric to a Euclidean regular
polygon of side length one with same facial degree which is glued along the
edges, and the metric is induced by the gluing, see [BBI01, Definition 2.3.4].
This piecewise flat surface is called the (regular) polygonal surface, denoted
by S(G). It is well-known that the generalized Gaussian curvature, as a
measure, concentrates on the vertices. The combinatorial curvature at a
vertex is in fact the mass of the generalized Gaussian curvature at that
point up to the normalization 2pi, see e.g. [Ale05]. In this paper, we only
consider the combinatorial curvature of a semiplanar graph and simply call
it the curvature if it is clear in the context.
The Myers type theorem has been obtained by Stone [Sto76]: A semi-
planar graph with the curvature uniformly bounded below by a positive
constant is a finite graph. Higuchi [Hig01] conjectured that it is finite even
if the curvature is positive pointwise (i.e. at each vertex), which was proved
by DeVos and Mohar [DM07], see [SY04] for the case of cubic graphs. The
largest size, i.e. the number of vertices, of planar graphs embedded into the
2-sphere, except the trivial classes including prisms and antiprisms, is known
to be sandwiched between 208 and 380 by [NS11] and [Oh17] respectively.
For a smooth surface with absolutely integrable Gaussian curvature, its
total curvature encodes the global geometric information of the space, e.g.
the boundary at infinity, see [SST03]. For example, the total curvature of a
convex surface in R3 describes the apex angle of the cone at infinity of the
surface, which is useful to study global geometric and analytic properties
of the surface, such as harmonic functions and heat kernels etc., following
Colding and Minicozzi [CM97] and Xu [Xu14]. In this paper, we study
the total curvature of semiplanar graphs with nonnegative curvature. For a
semiplanar graph G, we denote by
Φ(G) :=
∑
x∈V
Φ(x)
the total curvature of G whenever the summation converges absolutely. In
case of finite graphs, the Gauss-Bonnet theorem reads as, see e.g. [DM07],
(2) Φ(G) = χ(S(G)),
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where χ(·) denotes the Euler characteristic of a surface. For an infinite semi-
planar graph G, the Cohn-Vossen type theorem, see [DM07, Theorem 1.3]
or [CC08, Theorem 1.6], yields that
(3) Φ(G) ≤ χ(S(G)),
whenever
∑
x∈V min{Φ(x), 0} converges.
By the geometric meaning of the combinatorial curvature, one can see
that a semiplanar graph G has nonnegative combinatorial curvature if and
only if the polygonal surface S(G) is a generalized convex surface, i.e. an
Alexandrov surface with nonnegative sectional curvature [BGP92, BBI01].
We denote by PC≥0 the set of infinite semiplanar graphs with nonnegative
combinatorial curvature. By the Cohn-Vossen type theorem, the inequal-
ity (3) yields that 0 ≤ Φ(G) ≤ 1, for any G ∈ PC≥0. As is well-known
in Riemannian geometry that for any real number a ∈ [0, 2pi] there is a
convex surface whose total curvature is given by a. However, due to the
combinatorial restriction of semiplanar graphs, by an elementary argument
we prove that the set of all possible values of total curvatures of infinite
semiplanar graphs with nonnegative curvature is a discrete subset in [0, 1],
see Proposition 2.3. In particular, this yields that
τ1 := inf {Φ(G) : G ∈ PC≥0,Φ(G) > 0} > 0,
which can be regarded as the first gap from zero for total curvatures of
semiplanar graphs in the class of PC≥0. T. Re´ti, see [HL16, Conjecture 2.1],
asked the question what τ1 is, and conjectured that τ1 =
1
6 and the mini-
mum is attained by the graph consisting of a pentagon and infinitely many
hexagons.
Inspired by Re´ti’s question, it will be interesting to know all possible
values of total curvatures of semiplanar graphs with nonnegative curvature.
Using the combinatorial information and the Gauss-Bonnet theorem (for
compact subsets with boundary), we are able to determine all values of
total curvatures in this class.
Theorem 1.1. The set of all values of total curvatures of infinite semiplanar
graphs with nonnegative combinatorial curvature is given by{
i
12
: 0 ≤ i ≤ 12, i ∈ Z
}
.
As a corollary, this answers Re´ti’s question that τ1 =
1
12 and the mini-
mum can be attained by e.g. Figure 1. For any figure in this paper, vertices,
edges or sides on the boundary with same labeling are identified with each
other. While it is hard to classify the graph/tessellation structures for semi-
planar graphs which attain the first gap of the total curvature, see [GS97]
for classification problems of planar tilings with vanishing curvature, the
metric structures for their ambient polygonal surfaces can be classified, see
a companion paper [HS17]. Moreover, as the part of the theorem, we con-
struct semiplanar graphs with nonnegative curvature whose total curvatures
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attain all values listed above, see Figure 2 for a semiplanar graph with total
curvature 1112 and other examples in Section 4.
b
a
a
b
Figure 1. A graph with total curvature 112 in which half lines
with same labeling are glued together.
These proof strategies apply to the problems on the total curvature of
a semiplanar graph with boundary, i.e. a graph embedded into a surface
with boundary. For precise definitions and the terminology used, we refer to
Section 5. Let G be a semiplanar graph with boundary and with nonnegative
curvature, and S(G) be the polygonal surface of G. Consider the doubling
constructions of S(G) and G, see e.g. [Per91, Section 5]. Let S˜(G) be the
double of S(G), that is, S˜(G) consists of two copies of S(G) glued along
the boundaries via the identity map restricted on ∂S(G). This induces the
doubling graph of G, denoted by G˜. By the definition of the curvature for
semiplanar graphs with boundary, one can show that G˜ has nonnegative
curvature and Φ(G˜) = 2Φ(G). This yields that the total curvature of G is
an integral multiple of 124 by Theorem 1.1. In fact, we can prove stronger
results for semiplanar graphs with boundary:
• The total curvature of a semiplanar graph with boundary and with
nonnegative curvature is an integral multiple of 112 , see Theorem 5.5.• The graph/tessellation structures for the semigraphs with boundary
attaining the first gap of the total curvature, 112 by the above result,
are classified in Theorem 5.7.
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A
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A
a
a
Figure 2. A graph with total curvature 1112 obtained from gluing
the sides a in the picture and attaching another triangle to the
vertices A,B and C.
The paper is organized as follows: In next section, we recall some basics
on the combinatorial curvature for semiplanar graphs. Section 3 is devoted
to the proof of Theorem 1.1. In Section 4, we construct examples to show the
sharpness of Theorem 1.1. In the last section, we study the total curvature
for semiplanar graphs with boundary.
2. Preliminaries
Let G = (V,E, F ) be a semiplanar graph induced by an embedding of
a graph (V,E) into a (possibly un-orientable) surface S without boundary.
We only consider the appropriate embedding such that G is a tessellation of
S, see the definition in the introduction.
We say that a vertex is incident to an edge (similarly, an edge is incident
to a face, or a vertex is incident to a face) if the former is a subset of the
closure of the latter. Two vertices are called neighbors if there is an edge
connecting them. We denote by deg(x) the number of neighbors of a vertex
x, and by deg(σ) the number of edges incident to a face σ (equivalently, the
number of vertices incident to σ). Two edges (two faces resp.) are called
adjacent if there is a vertex (an edge resp.) incident to both of them. The
combinatorial distance between two vertices x and y, denote by d(x, y), is
defined as the minimal length of walks from x to y, i.e. the minimal number
n such that there is {xi}n−1i=1 ⊂ V satisfying x ∼ x1 ∼ · · · ∼ xn−1 ∼ y. We
denote by Br(x) := {y ∈ V : d(y, x) ≤ r}, r ≥ 0, the ball of radius r centered
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at the vertex x. For a tessellation, we always assume that 3 ≤ deg(x) < ∞
and 3 ≤ deg(σ) <∞ for any vertex x and face σ.
Given a semiplanar graph G = (V,E, F ) embedded into a surface S, it
associates with a unique metric space S(G), called the polygonal surface,
which is obtained from replacing each face of G by a regular Euclidean
polygon of side length one with same facial degree and gluing the polygons
along the edges. Note that the (induced) metric on S(G) is piecewise flat
and generally non-smooth near a vertex, while it is locally isometric to a flat
domain in R2 near any interior point of an edge or a face. As a metric surface
with isolated singularities, the generalized Gaussian curvature K of S(G)
vanishes at smooth points and can be regarded as a measure concentrated
on the singularities, i.e. on vertices. One can show that the mass of the
generalized Gaussian curvature at each vertex x is given by K(x) = 2pi −
Σx, where Σx denotes the total angle at x in the metric space S(G), see
[Ale05]. Moreover, by direct computation one has K(x) = 2piΦ(x), where
the combinatorial curvature Φ(x) is defined in (1), namely, the combinatorial
curvature at each vertex is equal to the mass of the generalized Gaussian
curvature at that point up to the normalization 2pi. Hence one can show
that a semiplanar graph G has nonnegative combinatorial curvature if and
only if the polygonal surface S(G) is a convex surface.
In this paper, we consider the total curvature of infinite semiplanar graphs
with nonnegative combinatorial curvature. For our purposes, it suffices to
consider those with positive total curvature (otherwise the total curvature
vanishes). By [HJL15, Theorem 3.10], these graphs are planar, namely, the
ambient spaces are homeomorphic to R2.
In a semiplanar graph, a pattern of a vertex x is defined as a vector
(deg(σ1), deg(σ2), · · · ,deg(σN )), where N = deg(x), {σi}Ni=1 are the faces
which x is incident to, and deg(σ1) ≤ deg(σ2) ≤ · · · ≤ deg(σN ). For simplic-
ity, we always write
x = (deg(σ1), deg(σ2), · · · ,deg(σN ))
to indicate the pattern of the vertex x.
Table 1 is the list of all possible patterns of a vertex with positive cur-
vature (see [DM07, CC08]); Table 2 is the list of all possible patterns of a
vertex with vanishing curvature (see [GS97, CC08]).
For any infinite semiplanar graph with nonnegative curvature, Chen and
Chen [CC08, Che09] obtained an interesting result that the curvature van-
ishes outside a finite subset of vertices in the graph.
Theorem 2.1 (Theorem 1.4 in [CC08], Theorem 3.5 in [Che09]). For a
semiplanar graph with nonnegative curvature, there are only finitely many
vertices with non-vanishing curvature.
The following lemma is useful in this paper, see [CC08, Lemma 2.5].
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Patterns Φ(x)
(3, 3, k) 3 ≤ k 1/6 + 1/k
(3, 4, k) 4 ≤ k 1/12 + 1/k
(3, 5, k) 5 ≤ k 1/30 + 1/k
(3, 6, k) 6 ≤ k 1/k
(3, 7, k) 7 ≤ k ≤ 41 1/k − 1/42
(3, 8, k) 8 ≤ k ≤ 23 1/k − 1/24
(3, 9, k) 9 ≤ k ≤ 17 1/k − 1/18
(3, 10, k) 10 ≤ k ≤ 14 1/k − 1/15
(3, 11, k) 11 ≤ k ≤ 13 1/k − 5/66
(4, 4, k) 4 ≤ k 1/k
(4, 5, k) 5 ≤ k ≤ 19 1/k − 1/20
(4, 6, k) 6 ≤ k ≤ 11 1/k − 1/12
(4, 7, k) 7 ≤ k ≤ 9 1/k − 3/28
(5, 5, k) 5 ≤ k ≤ 9 1/k − 1/10
(5, 6, k) 6 ≤ k ≤ 7 1/k − 2/15
(3, 3, 3, k) 3 ≤ k 1/k
(3, 3, 4, k) 4 ≤ k ≤ 11 1/k − 1/12
(3, 3, 5, k) 5 ≤ k ≤ 7 1/k − 2/15
(3, 4, 4, k) 4 ≤ k ≤ 5 1/k − 1/6
(3, 3, 3, 3, k) 3 ≤ k ≤ 5 1/k − 1/6
Table 1. The patterns of a vertex with positive curvature.
(3, 7, 42), (3, 8, 24), (3, 9, 18), (3, 10, 15), (3, 12, 12),
(4, 5, 20), (4, 6, 12), (4, 8, 8), (5, 5, 10), (6, 6, 6),
(3, 3, 4, 12), (3, 3, 6, 6), (3, 4, 4, 6), (4, 4, 4, 4), (3, 3, 3, 3, 6),
(3, 3, 3, 4, 4), (3, 3, 3, 3, 3, 3).
Table 2. The patterns of a vertex with vanishing curvature.
Lemma 2.2. If there is a face σ such that deg(σ) ≥ 43 and Φ(x) ≥ 0 for
any vertex x incident to σ, then∑
x
Φ(x) ≥ 1,
where the summation is taken over all vertices x incident to σ.
In fact, for an infinite semiplanar graph G with nonnegative curvature if
there is a face whose degree is at least 43, then the graph has rather special
structure, see [HJL15, Theorem 2.10]. In particular, the total curvature
of G is equal to 1 and the polygonal surface S(G) is isometric to a half
flat-cylinder in R3.
For our purposes, we need the Gauss-Bonnet theorem for piecewise flat
manifolds with boundary, see e.g. [DM07, Theorem 3.1]. Let K ⊂ S(G) be
the closure of a finite union of faces, regarded as a manifold with boundary.
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Then
(4) 2pi
∑
x∈V ∩int(K)
Φ(x) +
∑
x∈V ∩∂K
(pi − θx) = 2piχ(K),
where int(·) denotes the interior of a set and θx is the inner angle at the
boundary vertex x w.r.t. the set K.
Since all possible patterns of a vertex with positive curvature are listed
in Table 1, we adopt a number-theoretic argument to show the restriction
of the total curvature in the class of PC≥0, i.e. infinite semiplanar graphs
with nonnegative curvature.
Proposition 2.3. The total curvature of a semiplanar graph with nonneg-
ative curvature is an integral multiple of 1/219060189739591200. In partic-
ular, the set of all values of total curvatures for graphs in the class of PC≥0
is discrete in [0, 1].
Proof. By the Gauss-Bonnet theorem for finite graphs (2), it suffices to con-
sider infinite graphs. By Lemma 2.2 and (3), or [HJL15, Theorem 2.10], we
only need to consider G ∈ PC≥0 with the maximum facial degree less than
or equal to 42, otherwise the total curvature is equal to 1. In this case, all
patterns of a vertex with positive curvature are shown in Table 1 and the to-
tal curvature of G is the sum of the curvatures at finitely many vertices with
non-vanishing curvature. Thus, the total curvature is an integral multiple
of 1/219060189739591200, where the denominator is given by
25 × 33 × 52 × 7× 11× 13× 17× 19× 23× 29× 31× 37× 41
which is the least common multiple of the denominators of reduced fractions
of all possible values of positive curvature shown in Table 1. 
3. Proof of Theorem 1.1
Let G be an infinite planar graph with nonnegative curvature and S(G)
be the polygonal surface of G. We denote by T (G) := {x ∈ V : Φ(x) 6= 0}
the set of vertices of G with non-vanishing curvature, which is a finite set
by [CC08, Che09], see Theorem 2.1 in Section 2. Given a vertex x with
vanishing curvature, its possible patterns are listed in Table 2. We may
further reduce the pattern list if the curvature vanishes on B2(x).
Lemma 3.1. For any vertex x satisfying Φ(y) = 0 for any y ∈ B2(x), the
possible patterns of x are in the following:
(3, 12, 12), (4, 6, 12), (4, 8, 8), (6, 6, 6), (3, 3, 4, 12), (3, 3, 6, 6), (3, 4, 4, 6),
(4, 4, 4, 4), (3, 3, 3, 3, 6), (3, 3, 3, 4, 4), (3, 3, 3, 3, 3, 3).
Proof. It suffices to exclude the following patterns in Table 2,
(3, 7, 42), (3, 8, 24), (3, 9, 18), (3, 10, 15), (4, 5, 20), (5, 5, 10).
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x
y
z
w
u
v
Figure 3. Proof of Lemma 3.1
For example, we consider the case of x = (5, 5, 10). For other cases, the
proofs are similar and hence omitted here. Let y, z and w be the neighbors
of x, see Figure 3. By the assumption, y, z and w have vanishing curvature,
which yields that they are of the pattern (5, 5, 10). For vertices u and v as
in Figure 3, Φ(u) = Φ(v) = 0 by the assumption. For the vertex u, we have
u = (5, 5, 10), so that v is incident to at least three pentagons and hence has
non-vanishing curvature. This yields a contradiction and we can rule out
the case of x = (5, 5, 10). 
For our purposes, let G be an infinite planar graph with nonnegative
curvature. Since T (G) is a finite set and the polygonal surface S(G) is
homeomorphic to R2, one can find a (sufficient large) compact set K ⊂ S(G)
satisfying the following:
• K is the closure of a finite union of faces in S(G) and is simply
connected.
• T (G) ⊂ K.
• The boundary of K, denoted by ∂K, is a Jordan curve consisting of
finitely many edges.
• For any vertex x ∈ ∂K, B2(x) ∩ T (G) = ∅.
Lemma 3.2. Let K satisfy the above properties. Suppose that there exists
a vertex on ∂K with the pattern (4, 8, 8), then all patterns of vertices on ∂K
are (4, 8, 8).
Proof. For any x ∈ ∂K ∩V with the pattern (4, 8, 8), Lemma 3.1 yields that
for any neighbor vertex of x on ∂K has the same pattern (4, 8, 8). Then the
lemma follows from the connectedness of ∂K. 
Remark 3.3. In above case, by the same argument, one can show that any
vertex outside K also has the pattern (4, 8, 8).
Proof of Theorem 1.1. For the first part of the theorem, we prove that all
possible values of total curvatures of infinite planar graphs with nonnegative
curvature are i12 , (i ∈ Z and 0 ≤ i ≤ 12). We apply the Gauss-Bonnet
theorem (4) to K,
2pi
∑
x∈V ∩int(K)
Φ(x) +
∑
k
(pi − θk) = 2pi,
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where θk are the inner angles of vertices on ∂K. By the properties of K, we
have Φ(G) =
∑
x∈V ∩int(K) Φ(x). Hence it suffices to prove that
∑
k(pi − θk)
is an integral multiple of pi6 . We divided into two cases.
Case 1: There is a vertex on ∂K of the pattern (4, 8, 8). By Lemma 3.2,
all the vertices on ∂K have the same pattern. Since ∂K consists of
edges, we divide them into two classes:
α:={Edges in ∂K which are incident to a square and an octagon}
and β:={Edges in ∂K which are incident to two octagons}. Note
that two distinct edges in the class β are not adjacent by the combi-
natorial restriction of tilings by (4, 8, 8). Since ∂K is connected, the
class α is non-empty. Take a closed walk along ∂K starting from an
edge e1 ∈ α and ending at the same edge without repeated edges,
say,
(5) e1f1e2e3f2e4f3e5 · · · eNfLe1,
where {ei}Ni=1 ⊂ α, {fj}Lj=1 ⊂ β for some N,L ∈ N, and two succes-
sive edges are adjacent. For convenience, we write eN+1 = e1. For
each fj ∈ β, 1 ≤ j ≤ L, its adjacent edges in the sequence (5) are in
the class α. For any two adjacent edges in (5), say e and f, on ∂K,
we denote by θef its inner angle at the common end-vertex of e and
f w.r.t. the set K. By the tiling (4, 8, 8), for any ei, ei+1 ∈ α and
fj ∈ β,
θeiei+1 =
pi
2
or
3pi
2
, θeifj =
3pi
4
or
5pi
4
.
For any 1 ≤ i ≤ N, we define θ̂i := θeifj + θfjei+1 if there is an edge
fj ∈ β which is adjacent to ei and ei+1 in the walk (5) and θ̂i :=
θeiei+1 , otherwise. This yields that θ̂i =
pi
2 ,
3pi
2 ,
5pi
2 or 2pi,∀ 1 ≤ i ≤ N,
which are integral multiples of pi2 . Hence∑
k
(pi − θk) = Mpi −
N∑
i=1
θ̂i,
where M is the number of vertices on ∂K, which implies that
∑
k(pi−
θk) is an integral multiple of
pi
2 .
Case 2: There is no vertices of the pattern (4, 8, 8) on ∂K. Note that
a regular dodecagon can be divided into twelve triangles and six
squares, see Figure 4; a regular hexagon can be divided into six
triangles. By dividing dodecagons and hexagons into triangles and
squares, without loss of generality, we may assume that all vertices
on ∂K are incident to triangles or squares by Lemma 3.1. Thus the
inner angle of any vertex on ∂K are of the form mpi2 +n
pi
3 (m,n ∈ Z),
which yields that
∑
k(pi − θk) is an integral multiple of pi6 .
Combining these results, we prove the first part of theorem 1.1.
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Figure 4. A regular dodecagon can be divided into triangles and
squares.
For the other part of the theorem, we construct several graphs with non-
negative curvature whose total curvatures attain the full set{
i
12
: 0 ≤ i ≤ 12, i ∈ Z
}
,
see Section 4. 
4. Examples
In this section, we construct some examples to show the sharpness of The-
orem 1.1. In particular, we construct semiplanar graphs with nonnegative
curvature whose total curvatures attain all the values in{
i
12
: 0 ≤ i ≤ 12, i ∈ Z
}
.
It is easy to construct examples for i = 0, 12. For i = 1 and 11, we refer to
Figure 1 and Figure 2 in the introduction. Examples with total curvature
i
12 for 2 ≤ i ≤ 10 are shown in Figures 5-13. Note that half lines with same
labeling are identified to each other.
A
a a
Figure 5. A graph in PC≥0 with total curvature 212 .
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A
a
a
Figure 6. A graph in PC≥0 with total curvature 312 .
A
a
a
Figure 7. A graph in PC≥0 with total curvature 412 .
A
a
a
Figure 8. A graph in PC≥0 with total curvature 512 .
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Aa a
Figure 9. A graph in PC≥0 with total curvature 612 .
A
B C
a
a
b
b
c
c
d
d
Figure 10. A graph in PC≥0 with total curvature 712 .
A
B
C D
a
a b
b
c
c
d
d
e
e
f
f
Figure 11. A graph in PC≥0 with total curvature 812 .
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A
B B
a a
Figure 12. A graph in PC≥0 with total curvature 912 .
A
B
C
a
a
b b
c c
Figure 13. A graph in PC≥0 with total curvature 1012 .
5. Semiplanar graphs with boundary
In this section, we study the total curvature for semiplanar graphs with
boundary. Let (V,E) be a graph topologically embedded into a surface S
with boundary. We call G = (V,E, F ) the semiplanar graph with boundary,
where F is the set of faces induced by the embedding. In this paper, we only
consider semiplanar graphs satisfying tessellation properties, i.e. (i), (iii) in
the introduction, and the condition (ii) replaced by the following
(ii’) The boundary of S, denoted by ∂S, consists of edges of the graph.
Each edge in the grap, by removing two end-vertices, is contained
either in ∂S or in the interior of S, denoted by int(S). It is incident
to one face in the first case and to two different faces in the second.
Moreover, we always assume that 2 ≤ deg(x) < ∞ for any x ∈ V ∩ ∂S,
3 ≤ deg(x) < ∞ for any x ∈ V ∩ int(S), and 3 ≤ deg(σ) < ∞, for σ ∈ F.
As in the case of semiplanar graphs without boundary, one can define the
polygonal surface S(G) for a semiplanar graph G with boundary.
Let G be a semiplanar graph with boundary, we define the combinatorial
curvature as follows:
• For any vertex x ∈ int(S), Φ(x) is defined as in (1).
• For any vertex x on ∂S,
(6) Φ(x) = 1− deg(x)
2
+
∑
σ∈F :x∈σ
1
deg(σ)
.
TOTAL CURVATURE OF PLANAR GRAPHS WITH NONNEGATIVE CURVATURE 15
Direct calculation shows that for the vertex x on the boundary of S,
(7) Φ(x) =
pi − θx
2pi
,
where θx is the inner angle at x w.r.t. S, as in (4).
Adopting the same argument in [HJL15, Corollary 3.4], one can show
that a semiplanar graph with boundary G has nonnegative combinatorial
curvature if and only if the polygonal surface S(G) has nonnegative sec-
tional curvature in the sense of Alexandrov, see [BGP92, BBI01]. Let G be
a semiplanar graph with boundary and with nonnegative combinatorial cur-
vature. Consider the doubling constructions of S(G) and G, see e.g. [Per91].
Let S˜(G) be the double of S(G), that is, S˜(G) consists of two copies of S(G)
glued along the boundaries, which induces the doubling graph of G, denoted
by G˜. One can prove that G˜ has nonnegative curvature, which can be derived
from either the definition of the curvature on the boundary (6) or Perelman’s
doubling theorem for Alexandrov spaces [Per91], and Φ(G˜) = 2Φ(G). This
yields that G˜ is a planar graph with nonnegative combinatorial curvature if
the total curvature of G is positive, which yields that S(G) is homeomorphic
to a half-plane with boundary. For our purposes, we always assume that S
is homeomorphic to a half-plane with boundary. Note that the double graph
G˜ may have vertices of degree two if G has some vertices of degree two on
∂S. However, the Cohn-Vossen type theorem, [DM07, Theorem 1.3], still
applies to that case and implies that Φ(G˜) ≤ 1. This yields
(8) Φ(G) ≤ 1
2
.
The patterns of a vertex on ∂S with nonnegative curvature are given in
the following proposition.
Proposition 5.1. Let G be a semiplanar graph with boundary. If a vertex
x ∈ ∂S such that deg(x) ≥ 3 and Φ(x) ≥ 0, then the possible patterns of x
are
(9) (3, 3), (3, 4), (3, 5), (3, 6), (4, 4), (3, 3, 3),
where the corresponding curvatures are
(10)
1
6
,
1
12
,
1
30
, 0, 0, 0.
In the next lemma, we deal with the case that there is a vertex on ∂S of
degree two.
Lemma 5.2. Let G be an infinite semiplanar graph with boundary and with
nonnegative curvature, and x be a vertex on ∂S with deg(x) = 2. Then the
face, which x is incident to, is of degree at most 6 and
Φ(x) ≥ 1
6
.
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Proof. Let x be incident to a k-gon σ. It suffices to prove that k ≤ 6.
We claim that there is a vertex y ∈ ∂σ ∩ ∂S of degree at least three.
Suppose it is not ture, i.e. deg(y) = 2 for any vertex y ∈ ∂σ ∩ ∂S, then we
can show that
(11) ∂σ ⊂ ∂S.
In fact, we have the following observation: Given a vertex y ∈ ∂σ ∩ ∂S with
deg(y) = 2, any neighbor of y, say z, is in ∂σ∩∂S and the edge connecting y
and z is also contained in ∂σ∩∂S. Then (11) follows from the connectedness
of ∂σ and deg(y) = 2 for all vertices y ∈ ∂σ ∩ ∂S. This yields that ∂S = ∂σ
and S = σ. This contradicts to the assumption that G is infinite. This
proves the claim.
Applying Proposition 5.1 at a vertex on ∂σ of degree at least three, we
have k ≤ 6 and hence prove the lemma. 
This lemma yields the following corollary.
Corollary 5.3. Let G = (V,E, F ) be an infinite semiplanar graph with
boundary and with nonnegative curvature. Then
deg(σ) ≤ 42, ∀ σ ∈ F.
Proof. Suppose not, i.e. there exists a face σ such that deg(σ) ≥ 43, then
by Proposition 5.1 and Lemma 5.2, the closure of σ is contained in int(S).
This yields Φ(G) ≥ 1 by Lemma 2.2. It contradicts to (8) and we prove the
corollary. 
The next lemma shows that there are only finitely many vertices with
non-vanishing curvature for a semiplanar graph with boundary and with
nonnegative curvature, analogous to [CC08, Theorem 1.4] and [Che09, The-
orem 3.5]. For a semiplanar graph G with boundary, we denote by T (G) the
set of vertices with non-vanshing curvature.
Lemma 5.4. Let G be an infinite semiplanar graph with boundary and with
nonnegative curvature. Then T (G) is a finite set.
Proof. By Corollary 5.3, the maximum facial degree is at most 42. For any
vertex x ∈ T (G), Φ(x) ≥ 11722 if x ∈ int(S) by Table 1; Φ(x) ≥ 130 if x ∈ ∂S
by Proposition 5.1 and Lemma 5.2. Denote by N the number of vertices in
T (G). Then
N
1722
≤
∑
x∈T (G)
Φ(x) = Φ(G) ≤ 1
2
.
This proves that N ≤ 861. 
Now we are ready to prove the main results in the section. We determine
all possible values of total curvatures of semiplanar graphs with boundary
and with nonnegative curvature in the next theorem.
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Theorem 5.5. Let G be an infinite semiplanar graph with boundary and
with nonnegative curvature. Then the total curvature of G is an integral
multiple of 112 .
Proof. We use the similar arguments as in the proof of Theorem 1.1. With-
out loss of generality, we assume that S(G) is homeomorphic to the half-
plane with boundary. One can find a (sufficient large) compact setK ⊂ S(G)
satisfying the following:
• K is the closure of a finite union of faces in S(G) and is simply
connected.
• T (G) ⊂ K.
• ∂K is a Jordan curve consisting of finitely many edges.
• ∂K ∩ ∂S contains at least one edge and is connected.
• For any vertex x ∈ ∂K \ ∂S, B2(x) ∩ T (G) = ∅.
Set V1(K) := V ∩∂K \ ∂S and V2(K) := (V ∩K)\V1(K). The Gauss-Bonnet
formula on K reads as
2pi
∑
x∈V2(K)\∂S
Φ(x) +
∑
x∈V2(K)∩∂S
(pi − θx) +
∑
x∈V1(K)
(pi − θx) = 2pi,
where θx is the inner angle of x w.r.t. the set K. By (7), we may rewrite
the above equation as
2pi
∑
x∈V2(K)
Φ(x) +
∑
x∈V1(K)
(pi − θx) = 2pi.
By the properties of K,
∑
x∈V2(K) Φ(x) =
∑
x∈T (G) Φ(x) = Φ(G).
To prove the theorem, it suffices to show that
∑
x∈V1(K)(pi−θx) is an inte-
gral multiple of pi6 . For any x ∈ V1(K)∩ ∂S, since Φ(x) = 0, Proposition 5.1
implies that the pattern of x is (3, 6), (4, 4) or (3, 3, 3). We claim that for
any x ∈ V1(K) \ ∂S, the possible patterns of x are as follows:
(3, 12, 12), (4, 6, 12), (6, 6, 6), (3, 3, 4, 12), (3, 3, 6, 6), (3, 4, 4, 6),
(4, 4, 4, 4), (3, 3, 3, 3, 6), (3, 3, 3, 4, 4), (3, 3, 3, 3, 3, 3).
Let x ∈ V1(K) \ ∂S. Consider the double of G, denoted by G˜. This induces
the double of K, K˜, whose boundary is a Jordan curve. One can show that
for any vertex y ∈ ∂K˜, the vertices in B˜2(y), the ball of radius two centered
at y in the double G˜, have vanishing curvature and are of vertex degree at
least three. By Lemma 3.1, we have the pattern list for y therein (and hence
for x). To prove the claim, it suffices to exclude the pattern (4, 8, 8) for the
vertex x. We argue by contradiction. Suppose that x = (4, 8, 8), then by
Lemma 3.2, y = (4, 8, 8) for any y ∈ ∂K˜. Since ∂K ∩ ∂S contains at least
one edge, and hence, there is a vertex y0 ∈ ∂K˜∩∂S. However, the pattern of
y0 in G is (3, 6), (4, 4) or (3, 3, 3) which yields a contradiction. This proves
the claim.
Hence, as in Case 2 in the proof of Theorem 1.1, by dividing dodecagons
and hexagons into triangles and squares, we may assume that any face, which
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some vertex in V1(K) is incident to, is either a triangle or a square. Thus
the inner angle of any vertex in V1(K) is of the form m
pi
2 + n
pi
3 (m,n ∈ Z),
which yields that
∑
x∈V1(K)(pi−θx) is an integral multiple of pi6 . This proves
the theorem.

By this theorem, the total curvature of a semiplanar graph with boundary
and with nonnegative curvature takes the value in{
i
12
: 0 ≤ i ≤ 6, i ∈ Z
}
.
It is easy to construct an example for i = 0. We construct examples for
i = 1, 2, 3, 4, 6, see Figures 14-18. We ask whether one can construct an
example with total curvature 512 and propose the following conjecture.
Conjecture 5.6. There is no semiplanar graph with boundary and with
nonnegative curvature whose total curvature is 512 .
A
Figure 14. A graph with boundary and with total curvature 112 .
Figure 15. A graph with boundary and with total curvature 212 .
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Figure 16. A graph with boundary and with total curvature 312 .
Figure 17. A graph with boundary and with total curvature 412 .
Figure 18. A graph with boundary and with total curvature 612 .
At the end of the section, we classify the graph/tessellation structures
of semiplanar graphs with boundary and with nonnegative curvature whose
total curvatures attain the first gap of the total curvature, i.e. 112 .
We denote by L1 (L2 resp.) the strip consists of triangles (squares resp.),
and by M1 (M2 resp.) the strip with triangles in the upper half and squares
in the lower half (with squares in the upper half and triangles in the lower
half resp.), see Figure 19. We denote by l1 and r1 (l2 and r2 resp.) the left
part and the right part of the boundary of M1 (M2 resp.), and by a1 and b1
(a2 and b2 resp.) the vertices on l1 and on r1 (l2 and r2 resp.) incident to
one or two triangles and a square. We define the following gluing rules for
these four strips:
• For any strip Lα, α = 1 or 2, it can be glued to Lβ or Mγ for β = 1, 2
and γ = 1, 2, from the left to the right, denoted by LαLβ or LαMγ .
20 BOBO HUA AND YANHUI SU
• For any strip Mα, α = 1 or 2, it can be glued to Mγ for γ = 1, 2,
from the left to the right, such that rα is identified with lγ and bα is
identified with aγ , denoted by MαMγ .
An example obtained by gluing a sequence
L1L2L2L1M1M2M2M1M1M1M2M2M2M2M1 · · · ,
is shown in Figure 20.
L1 L2 M1 M2
l1
r1
l2
r2
a1 b1 a2
b2
Figure 19. The strips: L1, L2, M1 and M2.
For any semiplanar graph G and the polygonal surface S(G), for each
hexagon in G we add a new vertex at the barycenter and join it to the
vertices of the hexagon to obtain a semiplanar graph, denoted by Ĝ. In this
way, Ĝ is obtained from G by replacing each hexagon in G with six triangles.
Theorem 5.7. Let G be an infinite semiplanar graph with boundary and
with nonnegative curvature. Then the total curvature of G is 112 if and only
if Ĝ is isomorphic to one of the following:
(1) P1P2 · · ·Pn · · · ,
(2) Q1 · · ·QTP1P2 · · ·Pn · · · , for some T ∈ N.
where Qt = L1 or L2 for any 1 ≤ t ≤ T, Pn = M1 or M2 for any n ∈ N,
and the successive strips are glued together by the way defined before.
TOTAL CURVATURE OF PLANAR GRAPHS WITH NONNEGATIVE CURVATURE 21
a a
Figure 20. An example obtained by gluing a sequence of L1,
L2, M1 and M2.
A
B
C
D
Figure 21. Proof of Theorem 5.7
Proof. The “if” part of the theorem is obvious. We only need to show the
“only if” part. It suffices to consider semiplanar graphs with no hexagonal
faces. By Lemma 5.2, Φ(G) = 112 implies that all vertices of G have vertex
degree at least three. We divide it into two cases.
Case 1: There exists a vertex A on ∂S with non-vanishing curvature.
Then the possible patterns of A are (3, 3), (3, 4) and (3, 5). We claim
that A = (3, 4). If A = (3, 3), then Φ(A) = 16 >
1
12 , which contradicts
to Φ(G) = 112 .
If A = (3, 5), see Figure 21, then B = (3, 5) and Φ(A) = Φ(B) =
1
30 . The possible patterns of C are (3, 3, 5), (3, 4, 5), (3, 5, 5), (3, 5, 6),
(3, 3, 3, 5), (3, 3, 4, 5), (3, 3, 5, 5), (3, 3, 5, 6), (3, 3, 5, 7), (3, 4, 4, 5) and
(3, 3, 3, 3, 5). However, except the case of C = (3, 3, 5, 7), we always
have Φ(C) > 160 . Hence Φ(G) ≥ Φ(A) + Φ(B) + Φ(C) > 112 . We
only need to consider C = (3, 3, 5, 7). In this case, Φ(C) = 1105 .
Moreover, one can show that Φ(D) ≥ 1105 , which yields Φ(G) ≥
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Φ(A) + Φ(B) + Φ(C) + Φ(D) > 112 . This also yields a contradiction
and hence prove the claim.
We consider the case of A = (3, 4). In this case, Φ(A) = 112 and
hence any other vertex has vanishing curvature. To visualize the
graph, we draw the picture, from the left to the right, on the plane.
Let two faces, a triangle and a square which A is incident to, locate
on the right half plane passing through A, such that two edges on ∂S,
which A is incident to, are in the direction of −y axis (i.e. θ = −pi2 )
and θ = pi3 respectively, where θ is the angular coordinate in polar
coordinates. We have two subcases:
(a) The triangle is above the square.
(b) The square is above the triangle.
Without loss of generality, we consider the subcase (a). Denote by X1
(Y1 resp.) a neighbor of A on ∂S which is incident to the triangle (the
square resp.). Since any vertex except A has vanishing curvature,
one can show that X1 = (3, 3, 3) (Y1 = (4, 4) resp.). Set X0 = Y0 =
A. For any i ∈ N, we inductively define Xi+1 (Yi+1 resp.) as the
neighbor of Xi (Yi resp.) which is different from Xi−1 (Yi−1 resp.)
By the induction, one can show that Xi = (3, 3, 3) and Yi = (4, 4)
for i ∈ N. This yields the strip M1, as in Figure 19. Similarly, in
the subcase (b) we have the strip M2. We cut off the strip M1 (or
M2) from the semiplanar graph G to obtain a new graph G1 =
(V1, E1, F1), precisely,
V1 = V \ ∂S, E1 = {{x, y} ∈ E : x, y ∈ int(S)},
F1 = {σ ∈ F : σ ⊂ int(S)}.
One can check that G1 has nonnegative curvature, the total curva-
ture of G1 is
1
12 , and the neighbor of A in G, which is not X1 and
Y1, is of curvature
1
12 . Hence, this reduces the case of G1 to Case 1
with G = G1, and we can cut off a strip, M1 or M2, from G1 to get
a new graph G2. Continuing this process by cutting off strips along
the boundary, we get (1) in the theorem.
Case 2: All vertices on ∂S have vanishing curvature. In this case, the
patterns of vertices along the boundary are (3, 3, 3) or (4, 4). If there
exists a vertex on the boundary of pattern (3, 3, 3) ((4,4) resp.), then
the patterns of other vertices along the boundary are also (3, 3, 3)
((4,4) resp.). This yields the strip L1 (L2 resp.) along the boundary.
As in Case 1, we cut off the strip L1 (or L2) from the graph to
obtain a new graph, which has nonnegative curvature and the total
curvature 112 . For the new graph, if all vertices on the boundary have
vanishing curvature, then we are in the situation of Case 2. So that
we may cut off the strip L1 (or L2) in the new graph to get another
graph. We continue this process unless we find some vertex on the
boundary with non-vanishing curvature. This process stops in finite
steps since the total curvature is positive and there is a vertex of
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non-vanishing curvature. In the last step, we are in the situation of
Case 1 and get the classification accordingly. By the re-construction,
we have (2) in the theorem.

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